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CLASSIFICATION OF O-TOPOLOGICALLY NON-EQUIVALENT
FUNCTIONS WITH COLOR CHORD DIAGRAMS.
A.A.KADUBOVSKY, A.V.KLIMCHUK.
Abstrat. By means of olor hord diagrams we establish a neessary and suffiient ondi-
tion for O-topologial equivalene of funtions with one essentially ritial point on oriented
surfaes with edge. We also alulate the number of O-topologially non-equivalent funtions
with one essentially ritial point on oriented surfaes with edge.
Introdution
Let N be a finite-dimensional losed smooth manifold, C∞(N) be the spae of infinitely
differentiable funtions on N .
Two funtions f and g ∈ C∞(N) with isolated ritial points are alled topologially
equivalent if there exists a homeomorphism k : N → N and l : R1 → R1 (with l preserving
orientation) suh that g = l ◦ f ◦ k−1. If N is an oriented surfae and the homeomorphism k
preserves orientation then funtions f and g are alled O-topologially equivalent [1℄.
The onept of olor spin-graph is introdued in [1℄ and it is proved that funtions f and g
from C∞(N) are O-topologially equivalent if and only if there exists preserving orientation
isomorphism of the olor spin-graphs.
Counting of non-isomorphi olor spin-graphs with fixed Euler harateristis is a rather
diffiult problem.
In this paper we introdue the notion of olor hord diagram and using these terms we
give a neessary and suffiient ondition of O-topologial equivaleny for funtions with one
essentially ritial point on an oriented surfae with edge.
We ount the number of non-isomorphiO-diagrams and solve the problem of alulation of
O-topologially non-equivalent smooth funtions with one essentially ritial point on oriented
surfaes with edge.
1. Preliminaries
Let N be a smooth (C∞) ompat two-dimensional manifold with edge ∂N , f be a smooth
funtion on N , and x ∈ N . Then the point x ∈ N is alled ritial for a funtion f if all
partial derivatives f vanish at x.
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Suppose that x is an isolated ritial point of f being not a loal extremum of f .
Then there are ontinuous loal oordinates at x in whih f = Rezn + c (n ≥ 2) provided
that the topologial type of level lines in x varies [3℄. In this ase x will be alled essential.
Otherwise f redues to the form f = Re z and it is possible to eliminate a ritial point. A
ritial point of this type will be alled unessential.
Let us onsider the funtion f = Rezn + c (n ≥ 2, z = x + iy) in a neighborhood U of
zero of plane R2. It is obvious that the level line Γ = f−1(c) of funtion f in neighborhood
U ontains the ritial point 0 and onsists of 2n intervals interseting in the point 0 or, as
we will all them below, of 2n edges whih are going out of one vertex. Every neighboring
pair of edges forms a setor in interior of whih the funtion f assumes value either greater
or smaller than c (but not equal to c). Further we will all them white or blak setors
respetively. Thus U inludes 2n sequentially alternating white and blak setors.
Let us reall some definitions and statements given in paper [1℄.
Definition 1.1. Suppose that a graph ∆′ onsists of 2n edges ai onneting vertex x with
2n verties yi. A olor spin in vertex x, denoted ⋖x, is a partition of edges ai into pairs
(ai, aj) together with indiation of the olor (blak or white) col(ai, aj) for eah pair, so that
eah edge makes only one white and only one blak pair exatly with two different edges,
and the olor-alternating sequene col(ai1 , ai2), col(ai2, ai3), col(ai3 , ai4), . . . col(ai2n , ai1) has
the length 2n.
Definition 1.2. Suppose that the order of eah vertex of graph ∆ is even. A olor spin of
the graph ∆ is an assignment of a olor spin to eah vertex of order greater than two. A
graph ∆, with a olor spin given, is alled a olor spin-graph and is denoted as ⋖∆.
Further if olor spin-graph ⋖∆ is given then the olor spin in the vertex x is denoted as
⋖∆(x). It is lear that it is possible to set a olor spin on a graph in many ways.
Proposition 1.1. A graph ∆′ with 2n edges and a olor spin ⋖x in the vertex x an be
imbedded in a neighborhood U of the ritial point 0 of funtion Rezn so that its image will
lie on Γ = f−1(0) ∩ U and this imbedding will preserve olor spins into verties at point 0.
I.e. it is possible not only to expand graph ∆′ to a disk but also to speify funtion Rezn on
the expansion.
Let (N, ∂−N, ∂+N) be a smooth surfae with edge ∂N = ∂−N ∪ ∂+N . We will onsider
levels of smooth funtion f : (N, ∂−N, ∂+N) → [I, 0, 1] with only one essential ritial point
laying on f−1(1
2
).
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Then the level line Γ, ontaining the ritial point, is the image of imbedded into surfae
N finite graph ∆ with one vertex of order 2n. The vertex of the imbedded graph is the
ritial point of funtion f . If we onsider a neighborhood of an essential ritial point laying
on Γ, in its proeeding from funtion f arises a olor spin. Hene Γ reeives the struture
of a graph with olor spin. And on the ontrary, if there is a olor spin-graph it is possible
to onstrut a surfae aording to it. Namely we expand a vertex of the olor spin-graph
to a disk (proposition 1.1). Then we olor the setors of the disk formed by segments of
edges of the spin-graph into blak and white depending on the value of a spin. Then we glue
blak-and-white strips to the olored disk along graph's edges so that the olors of setors of
the disk and the strips are oordinated. As a result we reeive a olored surfae with edge
whih further will be alled an expansion of olor spin-graph.
If an expansion of the olor spin-graph ⋖∆ is an oriented surfae then, having hosen its
orientation, we may set an oriented ylial order on the edges in the neighborhood of eah
vertex. In this ase we speak about an oriented olor spin-graph. If we have an isomorphism
ϕ between oriented olor spin-graphs whih preserves bioloured spin and orientation in the
neighborhood of eah vertex we will speak that this isomorphism ϕ preserves orientation.
Let C∞1 (N, ∂N) be the subspae of spae C
∞(N) onsisting of those funtions on a surfae
N with edge ∂N = ∂−N
⋃
∂+N all of whose ritial points lie in the interior N on one level
line, and they have an idential value a (b) on the omponents of onnetivity of edge ∂−N
(∂+N). In paper [1℄ the following theorem is proved.
Theorem 1.1. There is only a finite number of O-topologially non-equivalent funtions from
spae C∞1 (N, ∂N) on the oriented surfae N with edge ∂N = ∂−N
⋃
∂+N whih is equal to
the number of oriented non-isomorphi olor spin-graphs whose expansions are homeomor-
phi to the surfae N .
2. Relation of olor spin-graphs with olor hord diagrams.
Definition 2.1. The onfiguration (atually graph) on a plane onsisting of a irle and n
hords onneting 2n various points is alled a hord diagram of the order n or, shortly, an
n-diagram [7℄.
Definition 2.2. A olor hord diagram is an n-diagram whose ars of the irle are olored
in two olors so that any two neighboring ars are not olored in the same olor. Denote a
olor hord diagram with n hords by D∗ and the set of all suh diagrams by ℑ∗n.
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Without loss of generality it an be assumed that the points of a olor diagram have been
numbered lokwise.
Definition 2.3. A olor diagram whih does not ontain (ontain) the hord onneting
points with numbers of one parity will be alled an O-diagram (N-diagram) and the set of all
suh diagrams is denoted as ℑOn (ℑ
N
n ).
Let us onsider the set Θ of oriented olor spin-graphs whih orrespond to funtions with
one essential ritial point on an oriented surfae with edge.
Let us onsider funtion f : (N, ∂−N, ∂+N) −→ [I, 0, 1] and x is its ritial point. Let us
hoose an orientation on surfae N . Without loss of generality we may suppose that ritial
points of all funtions lie in one point. In the opposite ase it is not diffiult to ahieve this
with the help of diffeomorphism whih is isotopi to idential one. A neighborhood of ritial
point an be hosen so that it an be represented by a disk neighborhood imbedded into
surfae with segments of lines interseted in it (fig. 1). On a ritial level in a neighborhood
Fig. 1.
of a ritial point we set the struture of a olor spin-graph.
Then we put a olor hord diagram in orrespondene to the obtained objet. Namely:
On eah loop ωi, i = 1, .., n of the olor spin-graph ⋖∆ with a unique vertex x we will put
two points Ai, Aj whih indexing is set aording to the ylial order of edges already given
on ⋖∆.
Let us onnet eah pair of points Ai, Ai+1, i = 1, .., 2n− 1; A2n, A1 by edges and olor the
edges aording to the olor spin. Consider
D∗ =
(
2n−1⋃
i=1
AiAi+1
⋃
A2nA1
)⋃
(⋖∆\Λ) ,
where Λ =
⋃2n
i=1 xAi is a subgraph of ⋖∆. Then D
∗
is a olor diagram whose irle is oriented.
Thus we establish orrespondene (with preservation of orientation) of a olor hord dia-
gram D∗ to every olor spin-graph ⋖∆ (fig. 2).
And this orrespondene µ : Θ −→ ℑ∗n will be one-to-one.
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Fig. 2.
Let h : ⋖∆1 −→ ⋖∆2 be a preserving orientation isomorphism of olor spin-graphs. Then
the mapping h′ : µ ◦ h ◦ µ−1 : D∗1 −→ D
∗
2 is a preserving orientation isomorphism of oriented
olor diagrams. Thus if oriented olor spin-graphs are isomorphi then the orresponding
oriented olor diagrams are also isomorphi. The inverse statement is orret as well. So we
obtained a bijetion between the sets of olor spin-graphs and olor hord diagrams and the
following lemma is proven.
Lemma 2.1. Oriented olor spin-graphs are isomorphi if and only if their orresponding
olor diagrams are also isomorphi.
Remark 2.1. For the funtions given on oriented surfaes with edge, orresponding oriented
olor spin-graphs have the following form. On eah loop going out of the point O the points
Ai, Aj : i + j = 2k + 1, k ∈ N lies (see the onstrution of expansion of olor spin-graph).
The set of O-diagrams orresponds to the set of suh spin-graphs.
From the above the following statement is valid
Lemma 2.2. Two funtions f, g : (N, ∂−N, ∂+N) −→ [I, 0, 1] with one ritial point on a
surfae with edge are O-topologially equivalent if and only if the orresponding olor hord
O-diagrams are isomorphi.
Due to the previous lemma it is possible to reformulate the theorem 1.1 in terms of the
olor diagrams.
Theorem 2.1. There is only a finite number of O-topologially non-equivalent funtions
with one isolated ritial point on oriented surfaes. This number is equal to number of
non-isomorphi O-diagrams or, what is the same, to number of the non-isomorphi olor
diagrams generated by O-gluings (see def. 3.1).
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Remark 2.2. When a funtion is given on losed surfaes with edge and all maxima (minima)
of the funtion lie on one level line L1(L2), the last statement is also true.
3. Gluings and olor hord diagrams.
As a pattern it is understood "olored" irle (the oloring is fixed) with 2n sequentially
numbered (lokwise) points. We will suppose that the ars 1̂; 2, 3̂; 4... ̂2n− 1; 2n are blak
and the ars 2̂; 3, 4̂; 5...2̂n; 1 are white.
As a gluing α we will mean a way of joining 2n various points of the olored irle by n
hords. Any fixed point may be ontained only in one of n pairs. For the greater rigor and
onveniene we onsider that:
α = (1 = a1, b1)(a2, b2)...(an, bn) ai < ai+1; ai < bi, i = 1, .., n− 1,
where ai, bi = 1, .., 2n, ai 6= bi are indies of points. A set of all suh possible gluings (of 2n
verties of the pattern) is denoted by B2n.
It is known ([7℄, [6℄) that the ardinality of the set ℑn of all n-diagrams is equal to
dn = (2n − 1)!! = |B2n| =
(2n)!
2n·n!
. Then it is obvious that the ardinality of the set of all
olor hord diagrams is equal to 2× dn.
Proposition 3.1. The number of non-isomorphi olor hord diagrams is equal to the num-
ber of non-isomorphi diagrams (def. 4.1) onstruted on the basis of a pattern with fixed
olors.
Proof. It is suffiient to show that for every diagram D(α) ∈ ℑ∗n onstruted on the
pattern there exists a diagram D(α′) ∈ ℑ∗n whih is isomorphi D(α) when the olors of
D(α′) are hanged. Let α = (a1, b1)...(an, bn) ∈ B2n. Then D(α) ∈ ℑ
∗
n. Consider α
′ = (a1+1
mod (2n), b1+1 mod (2n))...(an+1 mod (2n), bn+1 mod (2n)) ∈ B2n. Then D(α
′) ∈ ℑ∗n.
Obvious that when we hange olors of D(α′) and rotate on angle 2π
2n
(ounterlokwise) then
D(α) = D(α′). 
Therefore further we onsider only olor hord diagrams onstruted on the pattern. We
will denote the set of all suh diagrams by ℑ∗n. Then it is natural to suppose that
(1) |ℑ∗n| = (2n− 1)!! =
(2n)!
2n · n!
Definition 3.1. The gluing α defining diagram D∗(α) is named O-gluing (N-gluing) if it
generates an O(N)-diagram. The set of all O-gluings is denoted by Bo2n.
Remark 3.1. O-gluings of the pattern determine oriented expansions of orresponding olor
spin-graphs as far as the latter do not ontain twisted blak-and-white strips.
Classiation of O-topologially equivalent funtions with olor hord diagrams 7
Lemma 3.1. The ardinality of the set ℑOn is equal to
(2)
∣∣ℑOn ∣∣ = |Bo2n| = n!
Proof. By definition O-gluings annot ontain the hords onneting points of a pattern
with numbers of idential parity. Thus the O-gluing α has the form:
α = (1, b1)(3, b2)...(2n − 3, bn−1)(2n − 1, bn), where bi are even numbers of verties of the
pattern. It is obvious that it is possible to hoose b1 in n ways; b2  in n− 1 ways; . . . bi  in
i ways; . . . bn  in 1 way. Thus there exist exatly n! O-gluings. 
Definition 3.2. A b-yle (w-yle) of an expansion of olor spin-graph ⋖∆(D∗(α)) or-
responding to the diagram D∗ = D∗(α) is a omponent of its edge olored in blak (white)
olor.
Definition 3.3. A b-yle (w-yle) of diagram D∗(α) is an alternating sequene of hords
and blak (white) ars.
Let us illustrate an algorithm of alulation λ¯ blak and white yles of diagram on a
partiular example (fig. 3).
Fig. 3.
We set an orientation on the irle of the diagram D∗ = D∗ (α) arbitrarily (for example
lokwise). We write out all blak yles of the diagram:
Cb1 = (1̂, 2)(2, 4)(4̂, 3)(3, 7)(7̂, 8)(8, 1)(1̂, 2);
Cb2 = (5̂, 6)(6, 9)(9̂, 10)(10, 11)(1̂1, 12)(12, 5)(5̂, 6).
Similarly we write out all white yles of the diagram:
Cw1 = (2̂, 3)(3, 7)(7̂, 6)(6, 9)(9̂, 8)(8, 1)(1̂, 12)(12, 5)(5̂, 4)(4, 2)(2̂, 3);
Cw2 = (1̂0, 11)(11, 10)(1̂0, 11)
Here (·̂, ·) are ars of the diagram; (·, ·) are its hords. It is obvious that λ¯(b, w) = λ¯(2, 2) = 4.
Remark 3.2. At routing of the yle the fixed orientation on the irle hanges diretion if
the diagram ontains hords onneting points with numbers of idential parity.
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4. Isomorphism of the olor diagrams.
Definition 4.1. Two diagrams D∗1(α) and D
∗
2(α
′) are isomorphi, denoted D∗1(α)
∼= D∗2(α
′),
if one an be reeived from another as a result of some rotation.
It is obvious that not olored diagram an be rotated on any angle
ϕ = m · 2π
2n
, 0 < m ≤ 2n.
Remark 4.1. It is not diffiult to see that rotation of a olor diagram is orretly defined
only for "even" angles (m = 2r), as far as at odd m every blak (white) ar of the diagram
will be put over a white (blak) ar of the pattern.
Remark 4.2. Under rotation of the diagram D∗(α) on angle 2m · 2π
2n
(0 < m ≤ n) we will
understand suh its rotation around of the entre at whih:
eah hord Hi = (ai, bi), i = 1, .., n onneting the points with numbers ai, bi passes in the
hord H ′i = (a
′
i, b
′
i) onneting verties with numbers
a′i =
 [ai + 2m] mod (2n), ai + 2m 6= 2n
2n, ai + 2m = 2n
; b′i =
 [bi + 2m] mod (2n), bi + 2m 6= 2n
2n, bi + 2m = 2n
:
eah ar of blak olor passes in an ar of blak olor; the point with number 1 passes in
the point with number [1 + 2m] mod (2n); et.
Let us onsider on a set ℑ∗n of all olor diagrams the ation of the subgroup
G =
{
ξk ∈ ξ : k = 2m, m = 1, .., n
}
of the group 〈ξ2n〉 of the order 2n of ylial permu-
tations.
In work [6℄ there was established that the group 〈ξ2n〉 ats on the set ℑn as onjugation.
Namely:
Proposition 4.1. Two hord diagrams D = D(α), D′ = D(α′) are isomorphi if and only
if one is obtained from the other by some rotation, i.e. if one is onjugated of the other by
some power ξk of the irular permutation:
D ∼= D′ ⇔ ∃ξk ∈ ξ : D(α) = ξ−kD(α′)ξk
where k : 2π
2n
· k is the angle of rotation of hord diagram.
Considering the previous proposition the following proposition is valid.
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Proposition 4.2. Two olor hord diagrams D1 = D
∗(α), D2 = D
∗(α′) are isomorphi if
and only if one is obtained from the other by some rotation on "even" angle, i.e. if one is
onjugated of the other by some power ξk=2m of ylial permutation:
D1 ∼= D2 ⇔ ∃ ξ
k ∈ G : D(α) = ξ−kD(α′)ξk.
Definition 4.2. Following [6℄, a permutation ξk ∈ G will be alled an automorphism of the
olor diagram D∗ = D∗(α) ∈ ℑ∗n, α ∈ B2n, if ξ
−kD∗(α)ξk = D∗(α).
Definition 4.3. An orbit O of a fixed diagram D∗(α) (generated by gluing α ∈ B2n) is a
subset ℑ∗n suh that:
O = O (D∗(α)) = {D∗(β) ∈ ℑ∗n | D
∗(β) = ξ−kD∗(α)ξk, ξk ∈ G}.
Definition 4.4. A stabilizer GD∗(α) of a hord diagram D
∗(α) is a subset of G suh that:
G∗D(α) =
{
ξk ∈ G : D∗(α) = ξ−kD∗(α)ξk
}
.
Definition 4.5. By χ
(
ξk, n,Υ
)
= χ
(
ξk, n
)
Υ
let us denote the set of fixed diagrams
D∗(β) ∈ Υ ⊆ ℑ∗n of the ylial permutation ξ
k ∈ G :
χ(ξk, n)Υ =
{
D∗(β) ∈ Υ : D∗(β) = ξ−kD∗(β)ξk, ξk ∈ G
}
.
On the set B2n of all gluings let us define the operation ℜ(α, k) of "rotation on angle"
1 ≤ k ≤ 2n as follows: ℜ(α, k) = α + k mod (2n) = α′.
I.e.: α + k mod (2n) =
= ([1 + k] mod (2n), [b1 + k] mod (2n)) ... ([an + k] mod (2n), [bn + k] mod (2n)), where:
d+ k mod (2n) =
 d+ k mod (2n), d+ k mod (2n) 6= 0
2n, d+ k mod (2n) = 0
, d =
 ai
bi
Then it is not diffiult to see that:
(3) ℜ(α, k) = α+ k mod (2n) = α′ ⇔ ξ−kD∗(α)ξk = D∗(α′).
Theorem 4.1. For any n ≥ 2 the number d∗∗n of non-isomorphi olor hord diagrams is
alulated by the formula:
(4) d∗∗n =
1
n
(2n− 1)!! + ∑
k|2n, k=2m6=2n
φ
( n
m
)
ρ(n, 2m)
 ,
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where: (2n − 1)!! = |ℑ∗n|; φ(q) is Euler arithmeti funtion (the number of integers smaller
than q whih are relatively prime with it);
(5) p(n, k) = p(n, 2m) = χ
(
ξk, n
)
Υ=ℑ∗n
=
 (2m− 1)!! ·
(
n
m
)m
, n
m
= 2l + 1
m∑
r=0
C2r2m · (2r − 1)!! ·
(
n
m
)r
, n
m
= 2l
Proof. From lemma 3.1 [6℄ it follows that the number of non-isomorphi diagrams may
be alulated by the formula:
(6) d⋆n =
1
2n
(2n− 1)!! + ∑
ξk 6= ξ2n∈G: k|2n
φ
(
2n
k
)
Fix
(
ξk, n
) , where:
2n = |〈ξ2n〉|; Fix
(
ξk, n
)
=
∣∣{D(α) ∈ ℑn : ξ−kD(α)ξk = D(α)}∣∣ =
= |{α ∈ B2n : ℜ(α, k) = α + k mod (2n) = α}| is the number of diagrams for whih the per-
mutation ξk ∈ 〈ξ2n〉 is an automorphism.
(7) Fix
(
ξk, n
)
= p(n, k) =
 (k − 1)!! ·
(
2n
k
)k
2 , 2n
k
= 2l + 1
[k/2]∑
r=0
C2rk · (2r − 1)!! ·
(
2n
k
)r
, 2n
k
= 2l
By virtue proposition 4.2, from the relations (6) and (7) follows that
d∗∗n =
1
n
(2n− 1)!! + ∑
k=2m6=2n, k|2n
φ
( n
m
)
· p(n, k)
 , where
p(n, k) = p(n, 2m) =
 (2m− 1)!! ·
(
n
m
)m
, n
m
= 2l + 1
m∑
r=0
C2r2m · (2r − 1)!! ·
(
n
m
)r
, n
m
= 2l

Corollary 4.1. For any prime n ≥ 3 the number of non-isomorphi olor hord diagrams
is equal to:
(8) d∗∗n =
(2n− 1)!!
n
+ n− 1 =
(2n)!
2n · n! · n
+ n− 1
Proof. From theorem 4.1 it follows that the number of non-isomorphi olor diagrams
is equal to d∗∗n =
1
n
(
(2n− 1)!! +
∑
ξk=2m 6= ξ2n ∈G
φ
(
2n
2m
)
· p(n, 2m)
)
. As among even divisors
of the number 2n there are only 2 and 2n then d∗∗n =
1
n
[(2n− 1)!! + φ (n) · p(n, 2)]. It is
obvious that φ (n) = n− 1, p(n, 2) = p(n, 2 · 1) = (2 · 1− 1)!! ×
(
n
1
)1
= n.
Therefore d∗∗n =
1
n
[(2n− 1)!! + (n− 1)n] . 
Calulation of non-isomorphi olor hord diagrams for n = 2, 3..., 11 gives the following
values.
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n d∗∗n n d
∗∗
n
2 3 7 19311
3 7 8 254143
4 35 9 3828921
5 193 10 65486307
6 1799 11 1249937335
5. Non-isomorphi olor diagrams generated by O-gluings
It was established earlier that
• any O-gluing has the form α = (1, b1)(3, b2)...(2i− 1, bi)...(2n− 1, bn),
where bi ∈ {2, 4..., 2n} ∀i = 1, .., n; bi 6= bj ;
• the number of the olor diagrams generated by all possible O-gluings,
is equal to n!, i.e., the ardinality of set ℑOn ;
• the subgroup G =
{
ξk ∈ 〈ξ2n〉 : k = 2m, m = 1, .., n
}
of group of ylial permuta-
tions ats on the set ℑOn ;
• the permutation ξk ∈ G is an automorphism of the diagram D∗ = D∗(α) ∈ ℑOn ,
α ∈ BO2n, if ξ
−kD(α)ξk = D(α);
• ℜ(α, k) = α + k mod (2n) = α′ ⇔ ξ−kD(α)ξk = D′(α′).
Then from lemma 3.1 [6℄ and theorem 4.1 it follows that the number of non-isomorphi olor
diagrams generated by O-gluings is alulated by the formula:
(9) d∗(O)n =
1
n
n! + ∑
ξk 6=ξ2n∈G: k=2m|2n
φ
(
2n
k
)
χ(ξk, n)Υ=ℑOn
 , where:
n! =
∣∣ℑOn ∣∣ is the ardinality of the set of olor diagrams generated by O-gluings;
φ(q) is Euler arithmeti funtion; χ
(
ξk, n
)
ℑOn
=
∣∣{D(α) ∈ ℑOn : ξ−kD(α)ξk = D(α)}∣∣ =
=
∣∣{α ∈ BO2n : ℜ(α, k) = α+ k mod (2n) = α}∣∣ is the number of diagrams for whih the per-
mutation ξk is an automorphism.
Lemma 5.1. For any n = i ·m
(10) χ
(
ξ2i, n
)
ℑOn
=
i∏
l=1
l ·m = (i)! ·mi = (i)! ·
(n
i
)i
In partiular ∀n ≥ 2 ∈ N
(11) χ
(
ξ2, n
)
ℑOn
= n
12 A.A.Kadubovsky, A.V.Klimhuk.
Proof. The proof is redued to the alulation of the number of all O-gluings (i)! ·miα
satisfying the ondition: ℜ(α, k = 2m) = α + k mod (2n) = α. All suh gluings have the
form
α = (1, b1)(3, b2)(5, b3)...(2i− 1, bi)...(2n− 1, bn), where bi ∈ {2, 4, .., 2n} ; ∀i = 1..., n; bi 6= bj .
k = 2 : As far as ℜ(α, 2) = α+k mod (2n) = α then bi = bi−1+2. But then all these gluings
have the form:
α = (1, b1)(3, b1 + 2)(5, b1 + 4)...(2i− 1, b1 + 2i− 2)...(2n− 1, b1 + 2n− 2). It is obvious that
the number of suh gluings is equal to n. The latter proves (11).
k = 4 : As far as ℜ(α, 4) = α + k mod (2n) = α, then bi = bi−2 + 4. But then all suh
gluings deompose into two subgluings α1, α2 : α = α1;α2 whih have the form:
α = (1, b′1)(5, b
′
1 + 4)(9, b
′
1 + 8)(13, b
′
1 + 12)...(4i− 3, b
′
1 + 4i− 4)...(2n− 3, b
′
1 + 2n− 4);
(3, b′2)(7, b
′
2 + 4)(11, b
′
2 + 8)(15, b
′
2 + 12)...(4j − 1, b
′
2 + 4j − 4)...(2n− 1, b
′
2 + 2n− 4).
As far as 4|2n then n = 2m. It is not diffiult to see that in the subgluings i, j = 1, .., m.
But then the number of all suh gluings is equal to 2m · (n−m) = 2m ·m.
k = 6 : As far as 6|2n then n = 3m. As far as ℜ(α, 6) = α, then bi = bi−3 + 6. But then all
suh gluings deompose into three subgluings α1, α2, α3 : α = α1;α2;α3 whih also have the
form:
α = (1, b′1)(7, b
′
1 + 6)(13, b
′
1 + 12)(19, b
′
1 + 18)...(6i− 5, b
′
1 + 6i− 6)...(2n− 5, b
′
1 + 2n− 6);
(3, b′2)(9, b
′
2 + 6)(15, b
′
2 + 12)(21, b
′
2 + 18)...(6j − 3, b
′
2 + 6j − 6)...(2n− 3, b
′
2 + 2n− 6);
(5, b′3)(11, b
′
3 + 6)(17, b
′
3 + 12)(23, b
′
3 + 18)...(6r − 1, b
′
3 + 6r − 6)...(2n− 1, b
′
3 + 2n− 6).
It is not diffiult to see that in subgluings i, j, r = 1, .., m. But then the number of all suh
gluings is equal to 3m · (n−m)((n−m)−m) = 3m · 2m ·m.
. . .
k = 2i : As far as 2i|2n then n = i · m. As far as ℜ(α, 2i) = α then all gluings deom-
pose into i = n
m
subgluings with m elements in eah. Then repeating the reasoning similar
to one used in first two ases, we obtain that the number of all suh gluings is equal to
im · (im−m) · ((im−m)−m) · ... ·m =
i∏
l=1
l ·m what proves the validity (10). 
Corollary 5.1. The number of non-isomorphi olor O-diagrams is alulated by formula:
(12) d∗(O)n =
1
n
n! + ∑
i|n i 6=n
φ
(n
i
)
· i! ·
(n
i
)i
Corollary 5.2. Let p ≥ 3 be a prime number. Then
(13) d∗(O)p = (p− 1)! + (p− 1)
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Corollary 5.3. The number of non-isomorphi olor N-diagrams is alulated by formula:
(14) d∗(N)n = d
∗∗)
n − d
∗(O)
n
n d
∗(O)
n n d
∗(O)
n
2 2 7 726
3 4 8 5100
4 10 9 40362
5 28 10 363288
6 136 11 3628810
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